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Unsteady Drag Consideration in Stochastic Eulerian–Lagrangian
Formulation of Two-Phase Flow

Keh-Chin Chang¤ and Jinn-Cherng Yang†

National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

The unsteady effect of drag coef� cient in the stochastic Eulerian–Lagrangian computation of a two-phase,
turbulent, planar mixing layer � ow of droplets-in-gas type is examined. It is found that the use of an unsteady
drag coef� cient in modeling two-phase turbulent � ows with the stochastic Eulerian–Lagrangian formulation is
necessary to obtain complete information of the dispersed-phase turbulence characteristics. It is shown that the
use of the quasisteady drag coef� cient, which is mostly adopted in two-phase turbulent � ow computations, does
not cause too much deviation in the determination of mean quantities of the droplet velocity through use of the
ensemble-averaging method weighting with the probability density function of the carrier phase.

Nomenclature
CD = drag coef� cient
D = drag force
D=Dt = substantial derivative
dp = droplet diameter, ¹m
F = force
g = gravity
K = history-forcekernel
n = number density, number of droplets per cubic meter
P = value of probability density function
Re = droplet Reynolds number, .½j1Ujdp/=¹
t = time, s
tM = dimensionless time de� ned by Mei13

U; u = instantaneousand mean velocities, respectively,m/s
V = freestream velocity with respect to stationary droplet
®12 = velocity ratio of two neighboring grid cells
1t = time increment
1U = velocity slip, jU ¡ Upj
±.t/ = Dirac delta function, 0 for t 6D 0 and

0C

0¡
±.¿ / d¿ D 1

½ = density, kg/m3

¿p ; ¿r = dynamic relaxation time and residence time of droplet,
respectively

Á = factor accounting for deviation from the Stokesian drag

Subscripts

i = i th direction
in = inlet
p = dispersed phase
s = Stokesian drag
1; 2 = upstream and downstream, respectively

Superscripts

0 = � uctuation
N = ensemble-averagingvalue

I. Introduction

T HE Eulerian–Lagrangianmethod is commonlyused in the sim-
ulation of two-phase turbulent � ows in engineering applica-

tions. This hybrid method consists of the Eulerian formulation for
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the carrier phase coupled with the Lagrangian formulation for the
dispersed phase. Recent comprehensive reviews on two-phase � ow
models can be found in Refs. 1–3. Currently, the most popular nu-
merical method to simulate droplet dispersion in turbulence is the
stochastic (Monte Carlo) approach,which was originallydeveloped
by Gosman and Ioannides.4 In the conventionalstochasticEulerian–

Lagrangianmethod, thedispersed-phasepropertiesat a gridnodeare
determined using ensemble averagingof the properties of many in-
dividual droplets (or particles,per se) in which their trajectories fall
within the grid cell. Therefore, it is required to track a great number
of trajectories to attain a statistically stationary solution.5 Recently,
Dutta et al.6 proposed a discrete probabilityfunction (DPF) method
for droplet dispersion computation that is capable of providing ac-
curate simulations with low statistical noise. The DPF and conven-
tional stochastic approaches differ in the way that the information
concerning probability is stored in the DPF method. However, the
need for a larger number of computational droplets makes the DPF
method more expensive than the conventional stochastic method.
Chen and Pereira7 ;8 developeda stochastic-probabilistic dispersion
model for the prediction of two-phase turbulent � ow that can sig-
ni� cantly improve the computational ef� ciency of the stochastic
Lagrangian computation by reducing the number of trajectories to
be tracked. However, both the conventional stochastic method and
the stochastic-probabilistic method developedby Chen and Pereira7

involve the solution of the Lagrangian equation of instantaneous
motion. Usually, the quasisteady formula of the drag coef� cient is
employed in the formulationof the Lagrangianequationof instanta-
neousmotion associatedwith the stochasticapproachfor two-phase
turbulent � ows.5;7 In the analysis of Chang et al.9 based on the con-
ventional stochastic method, it was found that the use of the quasi-
steady formula of the drag coef� cient in the Lagrangian equationof
instantaneous motion could cause signi� cant errors in the predic-
tions of the probabilitydensity functions (PDFs) of dispersed-phase
velocity � uctuations, particularly for large droplets. A similar ob-
servation was reported in the recent study of Chen and Pereira.8

The reason is as follows: The Lagrangianequation of instantaneous
motion in the i th direction is conventionallysimpli� ed as

dUpi

dt
D

Ui ¡ Upi

¿p
C gi .1/

where the droplet dynamic relaxation time, which denotes a char-
acteristic time of the droplet reaching its dynamic equilibrium with
the carrier phase, is de� ned by

¿p D 4dp½p

3CD½j1Uj
.2/

and the instantaneousvelocity of the carrier phase is given by

Ui D u i C u 0
i .3/
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Fig. 1 Discretization of the instantaneous carrier-phase velocity in the
stochastic calculation procedure.

Here CD is the quasisteadydrag coef� cient usually expressed in the
form

CD D .CD/s Á.Re/ .4/

where .CD /s denotes the Stokesian drag coef� cient de� ned by

.CD/s D 24=Re .5/

The factorÁ(Re) ofEq. (4) accountsfordeviationfrom the Stokesian
drag coef� cient when the condition of Re ¿ 1 is not met. Many
forms of Á(Re) at differentranges of Reynolds number can be found
in Ref. 10.

In contrast, the Eulerian framework is used to formulate the
carrier-phasetransport equations.To obtain the solutionsof the Eu-
lerian transport equations, the � nite volume method, which adopts
the control-volume formulation and lends itself to conservation
laws, is widely used in numerical analysis. The basic idea of the
discretizationprocess is that the calculation domain is divided into
a numberof nonoverlappingcontrolvolumes (cells), each surround-
ing a grid node. Uniformly distributed � ow properties are usually
assumed inside the cell of a grid node. The mean carrier-phase
velocity ui shown in Eq. (3) is obtained from the solution of its
corresponding Reynolds-averaged,Eulerian transport equation for
a given grid cell in the stochastic calculation procedure. Thus, as
a droplet (dispersed-phase element) passes through a grid cell to
its neighboring grid cell, it encounters a remarkable step change of
the instantaneouscarrier-phasevelocity at the interfaceof these two
grid cells, which is caused by the discretizationprocessand, mostly,
from the different � uctuatingcarrier-phasevelocitiesdetermined in
the stochasticcalculationprocedurefor eachgridcell (schematically
shown in Fig. 1). As a result, the unsteady effect of drag coef� cient
has to be considered in Eq. (1) except under a special condition in
which the residence time of the dropletpassing througha grid cell is
long enough,as compared to its dynamic relaxationtime, so that the
droplet can closely approach its steady-state condition in the grid
cell. According to the analysis given by Chang et al.,9 this special
condition is not usually met, particularly for large droplets, in their
tested spray problems.

The objective of this work is to reevaluate the Eulerian–

Lagrangian formulationassociatedwith the conventionalstochastic
calculation procedure, by using an unsteady expression of the drag
coef� cient, against measurements in a well-de� ned, two-phase� ow
problem: that of a turbulent mixing layer � ow loaded with polydis-
persed droplets.

II. Unsteady Drag
Michaelides11 reviewed progress of the analytical studies of the

transient equation of motion of a droplet for � nite droplet Reynolds
numbers. Michaelides11 summarized that very few theoretical ex-
pressions of drag are available at Reynolds number values higher
than that of creeping � ow. Further, if effects such as freestream
turbulence and unsteadiness are added to the problem, our under-
standing of drag response is still fragmentary, especially at high
droplet Reynolds numbers.

Sano12 was the � rst to succeed in deriving an expression for the
unsteady drag on a sphere in which the asymptotic expansion type
of solution was presented for an impulsively started motion (from
rest) at small Reynolds number correct to .Re2/. The unsteady
drag coef� cient of a sphere for t > 0 is given by

CD

.CD/s
D 1 C 1

3
±.tM / C 3

16
Re 1 C 16

Re2t2
M

erf
1

2

RetM

2

C 2
2

¼RetM
1 ¡ 4

RetM
exp ¡

RetM

8

C 9
160

Re2 1
2

Re C .Re2/ (6)

with dimensionless time

tM D 21U .t=dp/ .7/

The transient (time-dependent) part of Sano’s solution decays more
quickly, as the inverse square of time (known as intermediate-time
behavior13), than the conventional t¡1=2 rate (known as short-time
behavior), at long times. Nevertheless, according to the numerical
and analytical studies of Mei,13 as well as Lovalenti and Brady,14;15

the existence of such an exponentialdecay of the drag at long times
was revealed. Further, the condition of an impulsively started (from
rest) motion imposed on Sano’s solution is rarely met in practical
two-phase � ows.

Mei and Adrian16 obtained another expression for the total un-
steady drag (except the external force) in rectilinearmotion at � nite
Reynolds numbers for a stationarysphere experiencinga small � uc-
tuation in the freestream velocity V as follows:

D.t/ D Fqs.t/ C FH .t/ C Fam.t/ C Ffs.t/ .8/

where Fqs is the quasisteady drag if the acceleration of the � ow
is vanishingly small, FH is the history (or Basset) force due to the
effects of the deviationof the � ow from a steady � ow pattern around
the sphere, Fam is the added-mass (or virtual-mass) force related to
the instantaneous acceleration, and Ffs is due to the unsteadiness
and spatial nonuniformity of the freestream velocity. These forces
are given, respectively, as

Fqs.t/ D 3¼¹dpV .t/Á.Re/ (9)

FH .t/ D 3¼¹dp

t

¡1
K .t ¡ ¿ /

dV

d¿
d¿ (10)

Fam.t/ D 1

12
½¼d3

p

dV

dt
(11)

Ffs.t/ D 1

6
½¼d3

p

DV

Dt
(12)

where K .t ¡ ¿ / is thehistory-forcekernel,whichis generallya func-
tion of droplet Reynolds number and Strouhal number. Consider an
unsteady� ow overa spheredue to a suddenchangein the freestream
velocity, from V1 to V2 (here V D 1U ) as the sphere crosses the in-
terface of two neighboring grid cells, at t D 0. Incorporated with
the uniform distributionassumption of � ow properties inside a grid
cell, DV=Dt D dV=dt, and the accelerationis dV=dt D 1V ±.t/ with
1V D V2 ¡ V1 . The forces Fam and Ffs can be now rewritten as

Fam.t/ D 1
12 ½¼d3

p1V ±.t/ .110/

Ffs.t/ D 1
6
½¼d3

p1V ±.t/ .120/

For t > 0, the preceding � ow condition leads to the following ex-
pressions for Fqs and FH :

Fqs.t/ D 3¼¹dpV2Á.Re/ D 3¼¹dp1U2Á.Re/ .90/

FH .t/ D 3¼¹dp

t

0

K .t ¡ ¿ /1V ±.¿ / d¿

D 3¼¹dp.1U2 ¡ 1U1/K .t/ .100/
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The total drag on the sphere as de� ned in Eq. (8) for t > 0 is, thus,

D.t/

3¼¹dp1U2
´

CD.t/

.CD/s
D .1 ¡ ®12/K .t/ C Á.Re/ .13/

where

®12 D 1U1=1U2 .14/

Therefore, the simpli� ed form of the Lagrangian equation of in-
stantaneous motion, i.e., Eq. (1), is still valid in the two-phase � ow
calculationwith the stochastic approach provided that the effective
drag coef� cient accounting for the unsteady effects, as shown in
Eq. (13), is used.Equation(13) takes the form identicalto Eq. (4) for
t À 1 because the history-force kernel asymptotically approaches
zero value at an in� nitely long time.

The evaluation of the history-forcekernel is not trivial. Mei and
Adrian16 proposed the following curve-� t approximation for the
history-forcekernel based on the numerical results of the unsteady
� ows over a spherewith small � uctuationsin the freestreamvelocity
and an asymptotic analysis of the same � ow at small Reynolds
numbers:

K .t ¡¿ / D 4¼¹

½d2
p

.t ¡¿ /

1
4

C ¼½

¹dp

V .¿ /

fH .Re/

3

.t ¡ ¿ /2

1
2

¡2

.15/

with

fH .Re/ D 0:75 C 0:105Re .16/

In the study by Mei and Adrian,16 the factor Á(Re) shown in Eq. (9)
was chosen as one of the best correlations for Á(Re) compiled by
Clift et al.10:

Á.Re/ D 1 C 3
16

Re; 0 < Re · 0:01

D 1 C 0:1315Re0:82 ¡ 2:171 £ 10¡2 Re; 0:01 < Re · 20

D 1 C 0:1935Re0:6305; 20 < Re · 260
(17)

For the history-force kernel proposed by Mei and Adrian,16 the
t¡1=2 (short-time) behavior is asymptotically correct, but the t¡2

decay (intermediate-time behavior) is an artifact of the curve-� t
procedure.It is consistentwith Sano’s result12 butnotwith the results
of Lovalenti and Brady,14 ;15 which indicate explicitly exponential
decay of the history-forcekernel at long times, for small Reynolds
numbers. Nevertheless, recent numerical results by Lawrence and
Mei17 support the qualitative features of Eq. (15), in particular the
t¡2 decay of the history-force kernel at long times, although there
was indeed a short period around tM » 100 when K .tM / decreased
exponentiallyfor thecase of small Reynoldsnumbers.As concluded
by Lawrence and Mei,17 the history-force kernel proposed by Mei
and Adrian,16 i.e., Eq. (15), performed satisfactorily in the cases of
V1 ¸ 0 and V2 > 0, with a substantial quantitative error only when
K .t/ itself is quite small and is, thus, overshadowed by Á(Re) in
Eq. (13). Furthermore, it was agreed16;17 that Sano’s solution12 for
startup from rest .®12 D 0/, i.e., Eq. (6), performed very well as
compared to the numerical solution in the low-droplet-Reynolds-
number range. Thus, Eq. (13), combined with Eqs. (15) and (17), is
used to determine the unsteady drag coef� cient in the work except
for the condition of ®12 D 0 and Re · 1, in which Sano’s solution
[Eq. (6)] takes over the expression of unsteady CD .

III. Problem Description and Model Analysis
Test Problem

The well-de� ned experimentof a droplet-loading,planar,mixing-
layer � ow in a vertical tunnel,18 ;19 which is schematically shown in
Fig. 2, is selectedas the testproblem.Moredetailsof the testproblem
and experimental methods can be found in Ref. 19. Thus, only a
brief description of the test problem is given here. The tunnel was
divided into two separate � ow paths by an upstreamcentral splitting
plate. The mean velocities of the high- and low-speed streams were

Fig. 2 Schematic of the test problem.

equal to 10.2 and 2.36 m/s, respectively. A Sono-Tek ultrasonic
nozzle, located 950 mm upstream of the test section in the high-
speed stream, generated polydispersed water droplets. The trailing
edgeof the splittingplatewas extended150 mm into the test section.
A rectangular coordinate was selected such that the streamwise x
coordinate is downward with the origin at the central separation
pointof the splittingplate, and the transverse y coordinateis positive
toward the high-speed-streamside.

Measurements of the mean and � uctuating � ow properties of the
streamwise and transverse components for both phases were made
using a two-component-phaseDoppler particle analyzer. Eight sets
of data labeled with the mean droplet sizes of 10, 20, 30, 40, 50,
60, 70, and 80 ¹m were recorded. A complete measurement at the
streamwise station of x D 5 mm was made for the inlet condition
required for the computations.

Physical Modeling
The boundary-layerapproximation,which neglects the diffusion

terms along the streamwise direction, is made for the carrier-phase
(gas) � ow in this investigated mixing-layer problem. The � ow� eld
of the test problem is determined through use of the k–" model. The
applicabilityof the k–" model in the simulation of this test problem
has been demonstrated by Chang et al.19 Because the volumetric
fractions occupied by the droplets (dispersed phase) are less than
10¡5 (in the interest of the computationaldomain), the present two-
phase � ow is rather dilute and the interactions among droplets are
assumed to be negligible.

The dispersed phase is treated by tracking individual droplets
as they move through the turbulence � eld of the carrier phase. To
account for the effect of the size spectrum, the dispersed phase is
represented by eight discrete droplets with the sizes of 10, 20, 30,
40, 50, 60, 70, and 80 ¹m, each characterizinga group of physical
droplets that possess the same properties, such as size and velocity.
For details of the problem modeling, see Ref. 19.

Numerical Solution Procedure
Computation of the carrier-phase� ow� eld is performed with the

� nite volumemethodusing the SIMPLER algorithmand the power-
law scheme.20 The equationof motionof a droplet[Eq. (1)], which is
a nonlinear� rst-order,ordinarydifferentialequation,is solvedusing
the Runge–Kutta method modi� ed by Fehlberg.21 Once a droplet
reaches the dynamic equilibrium state with the carrier gas along its
trajectory through a speci� ed grid cell, the droplet velocity is set to
be equal to the carrier-phasevelocity until it leaves the grid cell.
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a)

b)

Fig. 3 Evolution of measured and three predicted (u0 2
p + v0 2

p )/2 of the droplets, in conjunction with different numbers of computationaldroplets and
by using the unsteady drag coef� cient, for droplets with sizes of a) 10 and b) 80 ¹m: , measurements18; ——, 10,000 drops/size; – – –, 8000
drops/size; and ¢ ¢ ¢ ¢ , 3000 drops/size.

To obtainstatisticallysigni� cant propertiesof thedispersedphase
for a given representativegroup of droplets, an adequate number of
computational droplets of the same size, each corresponding to an
instantaneous carrier-phase velocity as expressed in Eq. (3), has to
be tracked in the stochastic Lagrangian computation. For a given
� uctuating velocity u 0

i , which is randomly sampled in the solution
procedure,at each integratingtime step there exists a corresponding
value of PDF, i.e., P . Because the measured Ui histograms exhib-
ited Gaussian distribution form,9 these PDFs are represented using
Gaussian functions in the computations. It is evident that the use
of a wider interval of the PDF domain in computation leads to a
better simulation of droplet turbulent dispersion in the � ow� eld.5

The present work uses the PDF interval bounded within §2.u2
i /1=2,

which is equivalent to 95.5% probability, in the simulation of the
test problem. The mean value of the droplet velocity at a speci� ed
grid node is determined by using the ensemble-averagingconcept:

u pi D
M
m D 1 nm Pm .Upi /m

M
m D 1 nm Pm

.18/

where the index m is the mth computational droplet entering the
controlvolumeof the gridnode.More informationonanddiscussion
of the numerical analysis employed in the work can be found in the
papers of Chang and Wu5 and of Chang et al.19

IV. Results and Discussion
Computation using the quasisteady drag coef� cient based on

the correlation shown in Eq. (17) is also performed to provide a
baseline with which to compare the predictions using the unsteady
drag coef� cient already described. The previous study of Chang
and Wu5 revealed that the use of no fewer than 1000 computa-
tional droplets for each representative size in association with the
conventional stochastic calculation procedure was able to yield a
statistically stationary,mean quantity of the dispersed-phaseveloc-
ity by means of the ensemble-averaging formulation of Eq. (18).
However, remarkably more computational droplets are required in
this study to obtain a statistically signi� cant solution of the � uc-

tuating quantity of the dispersed-phasevelocity. Numerical experi-
ments with the unsteady drag coef� cient in conjunction with 3000,
8000,and10,000computationaldropletsfor eachrepresentativesize
were conducted. The predicted evolution of .u02

p C v 02
p /=2 for the

smallest (10 ¹m) and largest (80 ¹m) droplets is presented in Fig. 3
and is compared with the measured data of Liu.18 Here u02

pi is cal-
culated from

u02
pi D

M
m D 1 nm[.Upi /m ¡ u pi ]2

M
m D 1 nm

.19/

It is clearly seen that the solution with 3000 computationaldroplets
is not statistically stationary yet, although the solutions with 8000
and 10,000 computational droplets do not differ appreciably from
each other.Even for the computationperformedwith a greatnumber
of computationaldroplets, such as 10,000,which has been shown to
achievenearly a stochasticsigni� cant solution,statistical shot noise
is still distinctly exhibited in the predicted pro� les of .u02

p C v 02
p /=2

in Fig. 3. However, 10,000 computational droplets for each repre-
sentative size will be used for the following computations.

Computation is � rst performed with the quasisteady drag coef� -
cient. Figures 4 and 5 compare the predicted and measured PDFs
of the streamwise and transverse � uctuating velocity components
for the droplets with dp D 10 and 80 ¹m, respectively,at two trans-
verse positions (y D 1 and 9 mm) of the streamwise station with
x D 20 mm. Here the predictedPDF indicates the distributionof the
collected number of the computational droplets for various com-
puted u 0

pi traveling through the cell of a speci� ed grid node. Note
that the transverse position of y D 1 mm is located inside the shear-
layer region of the mixing layer, whereas the transverse position
of y D 9 mm is located inside the freestream region at this stream-
wise station. The PDF information of u0

pi can provide insight into
the two-phase � ow dynamics with regard to the turbulent disper-
sion ability of droplets. Comparisons made in Figs. 4 and 5 reveal
that the extent of agreement between the predicted and measured
PDF shapes is better for the small droplets (dp D 10 ¹m) than for
the large ones (dp D 80 ¹m). Let us check a typical condition in
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a)

b)

c)

d)

Fig. 4 Comparison of the predicted and measured PDFs for 10-¹m
droplets using the quasisteady drag coef� cient of streamwise and trans-
verse � uctuating velocity components at the 20-mm position: a) u 0

p,
y = 1 mm; b) v0

p , y = 1 mm; c) u 0
p, y = 9 mm; and d) v0

p , y = 9 mm; dp =
10 ¹m; vertical bar, measurements,18 and – – – , steady drag.

the freestream region with these two droplet sizes in the test prob-
lem where jU ¡ Upj D 1 m/s, Up D 10 m/s, ¹ D 1:8 £ 10¡5 kg/m ¢ s,
½ D 1:2 kg/m3 , and ½p D 1000 kg/m3 . The values of the factor Á(Re)
for the droplets with sizes of 10 and 80 ¹m, determined from
Eq. (17), are 1.094 and 1.488, respectively. Substitutionof Eqs. (4)
and (5) into Eq. (2) yields

¿p D
½p.dp/2

18¹

1

Á.Re/
.20/

showing that ¿p is heavily dependent on the square of dp . The cal-
culated dynamic relaxation times for the droplets with dp D 10 and

a)

b)

c)

d)

Fig. 5 Comparison of the predicted and measured PDFs for 80-¹m
droplets using the quasisteady drag coef� cient of streamwise and trans-
verse � uctuating velocity components at the 20-mm position: a) u 0

p,
y = 1 mm; b) v0

p , y = 1 mm; c) u0
p , y = 9 mm; and d) v0

p , y = 9 mm; dp =
80 ¹m; vertical bar, measurements,18 and – – – , steady drag.

80 ¹m are, thus, equal to 2:82 £ 10¡4 and 1:33 £ 10¡2 s, respec-
tively. For a typical cell with 1x D 2 mm, the residence time (in
seconds) for the speci� ed droplets traveling through the typical cell
is approximately estimated by

¿r D 1x=Up D 2 £ 10¡4

Obviously, .¿p/ > .¿r / for the largest droplets, whereas
.¿p/ D .¿r / for the smallest droplets.This means that more large

droplets than small droplets cannot reach their steady-state condi-
tion when traveling through the grid cell. As a result, the use of the
quasisteadydrag coef� cient in the computationsof the PDFs for u0

p
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a)

b)

c)

d)

Fig. 6 Comparison of the predicted and measured PDFs for 10-¹m
droplets using the unsteady drag coef� cient of streamwise and trans-
verse � uctuating velocity components at the 20-mm position: a) u 0

p,
y = 1 mm; b) v0

p , y = 1 mm; c) u 0
p, y = 9 mm; and d) v0

p , y = 9 mm; dp =
10 ¹m; vertical bar, measurements,18 and – – – , unsteady drag.

and v 0
p yields more signi� cant errors for the large droplets than for

the small droplets, as shown in Figs. 4 and 5.
Next the computation is repeated, but with the unsteady drag

coef� cient described earlier. Figures 6 and 7 show the compar-
isons between the predicted and measured PDFs of the stream-
wise and transverse� uctuatingvelocitycomponentsfor the droplets
with dp D 10 and 80 ¹m, respectively, at the same two positions
of the � ow� eld. Clearly, the predicted PDF shapes for the large
droplets (dp D 80 ¹m; Fig. 7) are signi� cantly improved by con-
sidering the unsteady effect in drag coef� cient as compared to the
results predicted with the quasisteady drag coef� cient shown in

a)

b)

c)

d)

Fig. 7 Comparison of the predicted and measured PDFs for 80-¹m
droplets using the unsteady drag coef� cient of streamwise and trans-
verse � uctuating velocity components at the 20-mm position: a) u 0

p,
y = 1 mm; b) v0

p , y = 1 mm; c) u0
p , y = 9 mm; and d) v0

p , y = 9 mm; dp =
80 ¹m; vertical bar, measurements,18 and – – – , unsteady drag.

Fig. 5. Furthermore, the improvement due to the introductionof the
unsteady drag coef� cient in the computation for the large droplets
seems relatively more effective in the shear-layer region than in the
freestream region. This is because the velocity slips between the
droplets and the � uid (carrier phase) are usually larger in the shear
layer than in the freestream, which leads to larger Á(Re) values, as
computed from Eq. (17), in the shear layer than in the freestream.
This, in turn, yields smaller ¿p , as computed from Eq. (20), in the
shear layer than in the freestream. According to the foregoing dis-
cussion, deviation of the predicted PDF from the measured PDF
stemming from the use of the quasisteady drag coef� cient in the
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a)

b)

c)

Fig. 8 Evolution of the two predicted (with unsteady and quasisteady drag coef� cients) and measured (u 0 2
p + v 0 2

p )/2 of droplets with sizes of
a) 10, b) 40, and c) 80 ¹m: , measurements18; ——, unsteady drag; and – – – , steady drag.

computationshould be less as ¿p becomes smaller. In contrast to the
result of the large droplets (dp D 80¹m), the PDF shapes predicted
with the unsteady and quasisteady drag coef� cients for the small
droplets (dp D 10¹m) differ only slightly (see Figs. 4 and 6).

The precedingdiscussionfollowed from comparisonsof the PDF
structures at two speci� ed positions of the � ow� eld (Figs. 4–7).
Figure 8 presents the evolution of .u 02

p C v 02
p /=2 of the droplets

with three different sizes predicted with the unsteady and quasi-
steady drag coef� cients in comparison with the measured data of
Liu.18 Note that the selected droplet sizes of 10, 40, and 80 ¹m here
represent the small, medium, and large droplets, respectively, in
the investigated two-phase � ow problem. However, the same con-
clusions can be drawn from the results shown in Fig. 8; that is,
both the predictions using the unsteady and quasisteady drag co-
ef� cients differ slightly from each other and agree well with the
measured data for the droplet as small as 10 ¹m in size, whereas the
differences between these two predictions become more remark-
able as the droplet size is increased. Another interesting obser-
vation made from the comparison in Fig. 8 is that the agreement
between the measured data and the prediction using the unsteady
drag coef� cient is generally good except at the upstream station of
x D 20 mm for the medium and large droplets only. The follow-
ing analysis is performed to understand the cause leading to these
discrepancies.

The instantaneousdropletvelocitycomponentUpi can also be de-
terminedby iterativelyintegratingthenonlinearordinarydifferential

equation [Eq. (1)] to an acceptable tolerance in a given time step,
i.e.,

Upi D Ui ¡ [Ui ¡ .Upi /old]exp.¡1t=¿p/

C gi ¿p[1 ¡ exp.¡1t=¿p/] (21)

where the subscript “old” denotes the value at the beginning of the
time increment of 1t . The present computation issues 10,000 com-
putational droplets, which are evenly distributed in the inlet section
(x D 5 mm). Each computationaldropletat the inlet is speci� ed with
a number density and a mean droplet velocity component from the
measured data.18;19 Thus, at the � rst integrating time step as a com-
putational droplet just leaves the inlet position, Eq. (21) becomes

Upi D Ui ¡ [Ui ¡ .u pi /in]exp.¡1t=¿p/

C gi ¿p[1 ¡ exp.¡1t=¿p/] (22)

This is the most conventionaltreatment of the dispersed-phaseinlet
condition in the stochastic Lagrangian computations of two-phase
� ows. An apparent defect, shown in Eq. (22), is that the � uctuating
information of the dispersed phase, which is an important turbulent
characteristic for the dispersed phase at the inlet, is not considered
in the computation. This is the main cause that leads to the signif-
icant underestimations of .u 02

p C v 02
p /=2 obtained with the unsteady

drag coef� cient in the shear-layer region at the upstream station
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a)

b)

Fig. 9 Evolution of 80-¹m droplets of the two predicted (with unsteady and quasisteady drag coef� cients) and measured a) mean streamwise and
b) mean transverse velocity components: , measurements18; ——, unsteady drag; and – – –, steady drag.

of x D 20 mm, as shown in Figs. 8b and 8c, for the medium and
largedroplets.Note that the values of .u 02

pi /
1=2 are much higher in the

shear-layer region than in the freestream region. Therefore, the ne-
glectof the � uctuatinginformationof thedispersedphaseat the inlet
should result in more predictionerrors of .u 02

p C v 02
p /=2 in the shear-

layer region than in the freestream region, as shown in Figs. 8b and
8c. It is known that the in� uence of the inlet condition of turbulence
intensityon the single-phase� ow� eld predictionis appreciableonly
in the initial region of the � ow� eld and that it becomes less signi� -
cant in the downstream region.22 A similar trend is also observed
in Fig. 8. Because the spray was generated at a very upstream loca-
tion (x D ¡950 mm) in the test problem, this con� guration allowed
small droplets, such as the one with dp D 10 ¹m, to be close to the
correlative condition with the carrier phase as described by Chang
et al.9 Therefore, no detectable differences between the predicted
(with the unsteady CD ) and measured .u 02

p C v 02
p /=2 results can be

observedeven at the upstreamstationof x D 20 mm for this smallest
droplet. However, the issue of how to convey the � uctuating infor-
mation of the dispersed-phaseturbulence characteristic at the inlet
into the � ow� eld solution is out of the scope of this study because
the present study is focused on the effect of the unsteady drag coef-
� cient in the stochasticLagrangiancomputation.This issue remains
to be studied in the future.

The results showed that the unsteadyeffect of the drag coef� cient
on the prediction of .u 02

p C v02
p /=2 becomes less appreciable as the

droplet size is decreased. Only the evolution of the mean stream-
wise and transverse velocity components of the largest droplet
(dp D 80 ¹m) predicted with the unsteady and quasisteadydrag co-
ef� cients is presented in Fig. 9 and is compared with the measured
result.18 ;19 Note that the velocity scales used in Figs. 9a and 9b are
different. It is seen that the discrepancies between the two predic-
tions of mean droplet velocity using the unsteady and quasisteady
drag coef� cients become remarkably less than the discrepancies
in their predictions of .u 02

p C v02
p /=2 (see Fig. 8c). Even at the up-

stream station of x D 20 mm, no such appreciableunderpredictions
of .u 02

p C v02
p /=2 obtained with the unsteady drag coef� cient, such

as those shown in Fig. 8c, are observed in Fig. 9 for the predic-
tions of mean droplet velocity. The reason is as follows: The mean
droplet velocity is computed from the ensemble-averagingformula
of Eq. (18), which accounts for the PDF value as the weighting fac-
tor.As schematicallyshown in Fig. 1, the step changeofUi is mainly
dominated by the two u 0

i values given randomly in two consecutive
grid cells. It is clear that the unsteady effect of the drag coef� cient
on the computation of Upi becomes more appreciable as the step
change of Ui is increased. In other words, the greater deviation of
Upi from u pi stemmed from the larger u 0

i , which corresponds to
a much smaller PDF value determined by the Gaussian-type PDF
used in the work. Thus, although the difference between the two
Upi predictions obtained with the unsteady and quasisteady drag
coef� cients becomes more appreciable as the step change of Ui is
increased, this difference is evened out in the determination of u pi

by using the ensemble-averaging formula of Eq. (18) due to the
weighting effect of the small PDF value.

Because the test problemis a very dilute sprayand the differences
between the two u pi predicted with the unsteady and quasisteady
drag coef� cients are slight even for the large droplets, the carrier-
phase solution(Eulerian part) is almost invariantin the presentcom-
putations with and without consideration of the unsteady effect of
the drag coef� cient. A detailed presentation and discussion on the
� ow propertiesof the carrierphase, as well as the small and medium
droplets, is given in the work of Chang et al.19 and is not repeated
here.

V. Conclusions
The effect of an unsteady drag coef� cient on the conventional

stochastic Eulerian–Lagrangian method is examined in a well-
de� ned, droplet loading, planar mixing layer � ow. An expression
for the unsteady drag coef� cient, combining those obtained by Mei
and Adrian16 and Sano,12 is used in the computation.It is shown that
more realisticPDF predictionsand improved values of .u02

p C v 02
p /=2

can be achieved through the use of the unsteady drag coef� cient
rather than the quasisteady drag coef� cient. However, the use of
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the quasisteady drag coef� cient in the stochastic Lagrangian com-
putation does not cause too much deviation in the determination
of the mean droplet velocity, as compared with those using the un-
steady drag coef� cient, through the ensemble-averagingformula of
Eq. (18). This work only examined the unsteady effect of drag co-
ef� cient in an isothermal two-phase � ow problem. The unsteady
effects of other interfacial transport properties, such as convection
heat and mass transfer coef� cients in the evaporatingsprays, on the
stochastic Lagrangian computation remain to be studied.
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